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1 Derivations

Consider the problem of Bayesian Optimization (BO) with unknown constraints. There are two
real-valued functions y(x), c(x) over a common space X. The first models the criterion to be
minimized, the second parameterizes the constraint. An evaluation produces z,, z. according to
likelihood functions. First,

2y ~ Nz ly(a). o) ).
For z., we consider two different options. First, we may observe c(x) directly, up to Gaussian noise:
ze ~ N(ze|e(®), o t).
Second, we may observe a binary target only:
ze ~ o(zee(x)), 2o € {£1}.

Here, z. = —1 means the evaluation at x is feasible, and z. = +1 means it is infeasible. We use the

logistic parameterization, involving
()= 1—
o(t) = ——
14et’

but any other likelihood could be used instead. The constrained optimization problem we would like
to solve is

. = min {y() | c(x) < 5} 1)
Here, 0 is a confidence parameter. In the case of binary feedback, z. € {£1}, we can also write

yo = min {y(@) || Plze = +1]z) = o(c(®)) < 0(d)},
where the confidence parameter is o(d) € (0,1). Importantly, both y(-) and ¢(-) are unknown up
front and have to be learned from noisy samples z,, z.

We assume that some data D has already been acquired, based on which independent Gaussian poste-
rior processes are obtained for () and c(x). The marginals of these are denoted by N (y|u,, o7)

and N (c|ic, 02), where we drop the indexing by . In the sequel, we drop both the conditioning on
@ and on D from the notation. For example, we write P(y, c¢) instead of P(y, ¢|D, x):

P(y,c) = P(y)P(c) = N(yluy, o3)N(clpe, 07).-
The MES acquisition function [1]] without constraints is given by:

Z(y;y«) = H[P(y)] — E[H[P(y|y)]] ,
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where the expectation is over P(y.|D), and y. = mingex y(x). Here, P(y|y.) o< P(y)ly>,,} isa
truncated Gaussian. It should be noted that this is a simplifying assumption. In PES [2], the related
distribution P(y|x.) is approximated, where x. is the argmin. Several local constraints on y(-) at x.
are taken into account, such as V,,y = 0. This is not done in MES, which simplifies derivations
dramatically. Second, the expectation over y, is approximated by Monte Carlo sampling.

1.1 Real-valued Constraint Feedback

In this section, we assume that the constraint function ¢(-) can be observed directly, so that we obtain
real-valued feedback from both y(-) and ¢(-). Our generalization of MES to the constrained case uses

Ar(z) = Z((y, ¢);y+) = H[P(y, c)] = E[H[P(y, cly.)]], )
where the expectation is over P(y,|D), and y., is the constrained minimum . There are two points
to be worked out:

e Expression H[P(y, ¢)] — H[P(y, c|y.)] for fixed y.
e Efficient approximate sampler from P(y.|D), where y. is given by (1)), given that y(-) and
¢(-) are sampled from their respective posterior distributions (assumed to be independent).

In fact, the formulation so far ignores that we observe z,, 2. at , not y(x ), ¢(x). Even though this
is ignored in the original MES paper, a better acquisition function would therefore be

Ag(x) = T((2y, )5 y+) = H[P(zy, 2)] = B[H[P(2y, zc[y.)]] - €)

We start with the entropy difference in (2), where noise models are ignored, and come back to the
noisy case (3) below. We will define P(y, c|y.) in the same “local” way as in MES, avoiding all
complications as considered in PES. What do we learn by conditioning on ,.? If ¢ < §, then y > v,.
Otherwise (¢ > 9), our belief in y remains the same. Therefore:

P(ya C|y*)

Here, we replaced y < y. by y < y., which makes no difference for a distribution with a density. In
the remainder of this section, E[-] is always over P(y, c¢), unless otherwise indicated. Denote

Z7 Py, Oesovyzy.y = 27 Py, )(1 = Le<ayliy<y.y)-

Ky, ) =1—Ie<silfy<y.y = Py, clys) = Z7 Py, c)k(y,c).

We need some notation:

0 — pe Y« — M
Ve = P Yy = pn y7 Z.= E[I{cgé}} = (I)('Yc)v Zy = E[I{ygy*}} = (I)('Yy)'
c Y

Here, ®(t) = E[l{;,<#], n ~ N(0,1), is the cumulative distribution function for a standard normal
variate. The normalization constant is

Z =Ek(y,c)|=1-2.2Z,.
Also,
H[P(y, cly.)] = Z7'E[r(y, ¢)(log Z —log P(y,c))] = log Z + Z~'E[k(y, ¢)(—log P(y,))] -
Note that the — log x(y, ¢) drops out, because 1log1 = 0log0 = 0. If we parameterize ¢ =

te + Ocle, Y = [y + oyny, Where n., n, are independent N (0, 1) variates, we have that

1
—log P(y,c) = 5 (n2 +n} + log(27o?) + log(2mo7)) .

Plugging this in:

1 1
H[P(y, c|y«)] = log Z+§ (log(27raf) + 10g(27m§)) +ﬁE [(1 - I{,LCS%}I{%S%})(TLE + ni)] .

At this point, we need the simple identity:
E[I{ng'y}n2] = E[I{ng'y}] - '_YN('Y) = (I)(’Y) - '_YN(FY)a N(I) = N(I|Oa 1)



Concentrating on the final expectation term:
(22)7'BL..1= 27" = (22)7'E [l <0y, <4,y (02 +13)]
= Z_1 - (22)_1 (Zy(Zc - PYCN(’VC)) + Zc(Zy - 'VyN(Wy)))
_ 1
=27 (24 5 NG + 2N ).

The hazard function of the standard normal is defined as

Noting that H[P(y, ¢)] = H[P(y)] + H[P(c)] and H[P(y)] = (1 + log(2m07}))/2, some algebra
- Yel(=ye) + 1 h(=)
2(exp(—log Z, —log Z,) — 1)

H[P(y, cly.)] = H[P(y, c)] +log Z +

Here, we used
ZyZe.  ZyZe 1

Z  1-2,7Z. exp(—logZ.—logZ,)—1

All in all:

P)/ch(_lyc) + Vyh(_’yy)
2(exp(—log Z. —log Z,) — 1)
Note that log Z., log Z,, are negative. The only case when this expression becomes problematic is if
both log Z, and log Z tend to zero. This happens only if both y is much smaller than y, and c is
much smaller than §. If y, is sampled from P(y.|D), this is very unlikely to be the case. We need
numerically robust code for computing log ®(x) and h(z).

H[P(y, c)] = H[P(y, cly.)] = —log Z —

1.2 Entropy Difference for Noisy Targets

As noted above, we would ideally compute the entropy difference for the noisy targets z,, 2. instead
of the latents y, ¢, so use the acquisition function (3] instead of (2). How would this look like for the
case where both z, and z. are real-valued with Gaussian likelihood? Define

W(zyo20) = [ Py i) Plecs Ol ) dyde = Pl P(0) (1= Zyfa) 2l

where Z,(z,) is defined as Z,,, but with P(y) being replaced by the posterior P(y|z,). Then:
P(zy, zelye) = 271V (2y, 20), Z=1-2,Z.
To our knowledge, there is no simple closed-form expression for H[P(z,, z.|y.)]. The problem is

that ¥(z,, z.) is not the product of a Gaussian with an indicator, and in particular log ¥(z,, z.) is a
complex function.

Here is a simple idea which may work better than just ignoring the noise and using (). Complications
arise because the expectations over P(y|z,) and P(c|z.) in ¥(z,, z.) do not result in a term which is
the product of Gaussians and indicators. We can mitigate this problem by approximating P(y|z,)
with 6(y — E[y|z,]). Doing so results in

U(zy, ze) = P2y) P(2e)(1 — Linpy)z, <y} L{Ble|z)<6})-
Here, P(z,) = N(py, 00 + o '), P(2c) = N(pe, 02 + a2 ). Since E[y|z,] is an affine function of
2y, this can be brought into the same form as is used in the noise-free case, but y is replaced by z,,

Y« by a different value, and P(y) by P(z,). Namely,

02 U2ay
Y (zy — tiy) = iy + P52y — 11y),  po=—2

2 -1 14 o020,
02 + oy 1+o05ay

Elylzy] = py +

so that )
Elylzy] Sye & 2y <Gi= iy + 0y (Y — py)-
We can now simply use the derivation from above. In fact,

- 1/2
5, = Ys — Ky Yk Ty ;9_5_/10 py = OyQy
Yy = —1 - ) c— ) v =
(02 + oy )1/2 OyPy OcPe 1+ (0‘1]%1/2)2

just have to be used instead of ,, 7.



1.3 Binary Constraint Feedback

For binary response z. € {£1}, we have to take into account that much less information is obtained
by sampling the constraint at . Here, a sensible approach is to ignore the noise on y, but not ignore
the likelihood ¢ — z.. In other words, we can try to approximate

As(®) = I((y, 2c); y+) = H[P(y, zc)] — E[H[P(y, z[y.)]] - )
In this case, we use some approximate inference method for
Q(zc)Q(clze) = P(ze|c)P(c), 2 € {1},

where Q(c|z.) are Gaussians. In our current code, we use Laplace’s approximation, where mode find-
ing is approximated by a single Newton step. Also, (z.) is using the highly accurate approximation
given in [3} Sect. 4.5.2]. Now:

U(y, z0) = / QUz0)Qele) P(y)r(y, €) de = P(y)Q(z) (. 20),

Ay ze) = (1= Iy<y 1 Fze)) » F(2e) = Eqefzo [Lre<sy)s

and
P(ywzc‘y*) ~ Z*l\p(:%zc), Z=1- Zch, ZC = EQ[F(Z(')]

Importantly, %(y, z.) is piece-wise constant, while not an indicator function anymore. Note that
Z. # Z. in general, due to the approximation we use, but it should be close.

In the following, E[-] is over P(y)Q(z.), Ep[-] is over P(y), and Eq[-] is over Q(z.). First,

H[P(y, zclys)] = log Z + Z~ B[k (y, z) (~log P(y) — log Q(zc) — log &(y, z))]

1

=logZ + 5 log(?mrf,) + Eg[G(z.)],

G(Zc) = ZﬁlEP [/%(ya Zc) (ni/? - IOg Q(Zc) - log R(ya Zc))] :
We split this in three parts, using the derivation of the noise-free case above. First:

- - 1
Gi(ze) =Z 1EP [H(?ﬁ Zc)nz/ﬂ = YA (1 - F(ZC)(Zy - 'YyN('Vy))) .

Next:

Ga(ze) = Z7'Ep [R(y, 2) (= log Q(zc))] = Z71(1 = Z, F(2))(— log Q(zc))-

Finally, note that if y > ., then log % (y, 2.) = log 1 = 0, so we can replace & (y, zc) by Ijy<y, 3 (1—
F(z.)), therefore:

Gs(2e) = Z7'Ep [R(y, 2c) (= log A (y, zc))] = 271 Z,(1 = F(z))(~log(1 — F(zc))).

Next, the expectation over ()(z.). First,

1
Gi(ze) = 5 (1= Flze)Zy + F(ze)yy N(w))
so that _
1 Z,Z.
Eq[Gi(z.)] = ) + QyZ Yy (=7y)-

Next, using 1 — Z,F(z.) = Z — Z,(F(2.) — Z.):
Eq[Ga(z20)] = Z_lEQ [(1 = ZyF(2c))(— log Q(2c))]

= HIQ(=0)] — 22227, g [(F(=0) — Z0)(~ og Q)]
Finally, )
BlGa(zo)] = 2272 "B (1 — F(z2)) (- log(1 = F(zo)].



Altogether, we obtain
HIP(y)] + HQ(zc)] — H[P(y, zc[y.)] = —log Z
= B (1h(=7)/2+ Z; "Bq [(1 = F(20))(= log(1 = F(z))) + (F(z.) -
7,7, 1

B = = = .
Z exp(—log Z, —log Z.) — 1

)log Q=) )

We would compute log Z,,, h(—7,), log F(z.), log(1 — F(z2.)), then log Z.. by logsumexp. In fact,
if
0 — Eplc|z.
,YC(ZC) = Q[ | } )
Varg[c|z]

then
log F'(z.) = log ®(7c(2c)), log(l — F(z.)) = log ®(—c(2c))-

The term Z_ 'Eg]. . .] is computed by folding the normalization into the argument inside Eg|. . .],
which is computed as

(elog F(ze)—log Z. _ 1) logQ(zc) N elog(l—F(Zc))—loch log(l . F(ZC))

We then multiply with Q(z.) and sum over z, = —1,+1.

14 Sampling from P(y,|D)

In the constrained case, we aim to sample from P(y,|D), where y, = mingcx {y(x) || c(x) < d}.
Here, y(-) and ¢(-) are posterior GPs conditioned on the current data D. At least for commonly used
infinite-dimensional kernels, it is intractable to draw exact sample functions from these GPs, let alone
to solve the conditional optimization problem for y,.

In [4]], a finite-dimensional random kitchen sink (RKS) approximation is used to draw approximate
sample paths, and the constrained problem is solved for these. Since the RKS basis functions
are nonlinear in x, so are objective and constraint function, and solving for y, requires complex
machinery. A simpler approach is used in [1]]. They target the cumulative distribution function
(CDF) of y,, which can be written as expectation over y(-) and ¢(-) of an infinite product. This is
approximated by restricting the product over a finite set X, and by assuming independence of all

y(x) and ¢(x) for & € X. While this gives rise to a tractable approximation of the CDF, we found
this approximation to be problematic in our experiments. As noted in [1l], y, drawn under these
assumptions are underbiased. In fact, due to the independence assumption, this bias gets worse the

larger X is: y, diverges as |X| — oo.

In our experiments, we follow [1]] by restricting our attention to a finite set X (we use a Sobol sequence
(5]), but then draw joint samples of y(X') and ¢(X) respectively, based on which y, (restricted to X’)
is trivial to compute. While joint sampling scales cubically in the size of X', sampling takes less than
a second for |X'| = 2000, the size we used in our experiments.

More precisely, the posterior for y(-) conditioned on data z, = [z,,;] € R™ is defined in terms of the
Cholesky factor L and the vector p, where

LL" =K +o,'I, p=L""z,

where K = k, (X, X) € R"*" is the kernel matrix on the training set (X = [x;] € R"*?]), and «,,

is the noise precision. The posterior distribution of y(X') is a Gaussian with mean and covariance
=Mp, M=K,L 7T XS=K,.,,-MM",

1}
where K, . = k, (X, X) € R™*", m = |X
are drawn as

,and K, , = k, (X, X) € R™™, Samples of y(X)

Y=LN+pl1f, LLT =%, N=[v,ecR™* v, ~N(©0,1).

Due to the Cholesky factorization, joint sampling scales cubically in m. On the other hand, sampling
takes less than one second for sizes smaller than 2000.



1.5 Scoring Constraint or Criterion Evaluation

In some situations, we may be able to evaluate criterion and constraints independent of each other.
For example, one may be much cheaper to evaluate than the other. To this end, we would like to score
the value of sampling y(x) or ¢(x) at x.

To this end, we just marginalize the joint distributions worked out above. First, consider the case
where z,, 2. are real-valued, and we would like to score the value of sampling z,, (the case of sampling
z is symmetric then). Note that this is the noisy case, where o, is replaced by o, p,, v, by 7y, etc.
We have that ~
\Il(zy) = P(Zy)(l — I{E[y‘zy]gy*}Zc), Z =1- ZyZC.

Then, P(zy|y.) = Z~'¥(z,). Note that Z. = ®(.) without the noise. In fact, the marginal does
not depend on the noise ¢ — z, so the same expression is obtained in the case z. € {£1}. In the
following, we use that

log(l — I{E[y‘zy]gy*}Zc) = I{E[uIzy]Sy*} log(l — Zc).
Then:

1
HIP(zyly.)] = log Z + 5 log(2nValz,]) + 2 E[(1 = Zul (s, <5,))n3/2
+ Tn, 5,1 (1= Ze)(~ log(1 - Z.))].

Some algebra gives
Zﬁ’?yh(_’?y)/2_Z;1(1_Zc) log(l _Zc) VA 74

H[P(z,)|—H[P(z,|y.)] = — lo = , =1-Z,Z,
[P(2y)] ~H[P(z )] = ~ log e S ey, s ’
By symmetry, if z, € R with Gaussian noise:
Yeh(—3e)/2 — Z;7 (1 — Z,) log(1 — Z, -
HIP(20)] ~H[P(zo]y.)] = —log z— 202 = 2, (A= Z)los0 = 2)) = )y, 7

exp(— log Z. —log Zy) —1

Finally, consider z. € {£1}. Here,
R(ze) =1—ZyF(2.), Z=1- Zch, P(zc|ly«) = Z_lQ(zC)i%(zc).
Then:
H[P(zc|y«)] = log Z + Z_lEQ [7(zc) (—log Q(z.) —log A (z.))] -
Some algebra gives

HIQ(z0)] — HIP(zely.)] = —log Z + 2 Eq | (z) log & (=) — Z,(F(z) — Z) log Q(=)] ,
where Z =1 - Z, Zc. Using the notation from above, this can also be written as
H[Q(zc)] — H[P(zc|y.)] = —log Z — Z™ EqlR(2)(— log & (2))]
 ZyZ. 1

— BZ'Eo|(F(z.) — Z.)log Q(z.)], B = _ )
. Eq[(F(z) ) log Q(2)] 7 op(—TozZ, —Tog Z) — 1

1.6 Observe y(x) only in Feasible Region

In this section, we deal with binary feedback z. € {—1,+1}. For some important applications,
feedback z, on y(x) is obtained only if z. = —1 (feasible). For example, BO may be used to tune
parameters of deep neural networks. A function evaluation z, of a test set metric may fail, because
training crashed due to out of memory errors (z. = +1). Note that y, itself does not depend on
values of y() in the infeasible region.

It seems hard to properly define the entropy difference (conditioned on y,) in this case. One idea is to
simply use the entropy difference from Section[I.3] Even though this assumes noise-free feedback
for y, the value conveys information about y, only if x is feasible. Another idea is to consider
the mixture of Q(z. = —1) times the entropy difference from Section [1.3|plus Q(z. = +1) times
the entropy difference from Section At least for Q(z.) away from 1/2, this could be a more
reasonable score. Note that the part

—log Z — BZ7'Eq|[(F(2.) — Z.)log Q(2.)]
appears in both entropy difference expressions.



| Model Dataset Constraint Threshold ~ Feasible points d |

XGBoost mg model size 50000 bytes  72% 7
Decision tree mpg model size 3500 bytes ~ 48% 4
Random forest pyrim model size 5000 bytes  26% 4
Random forest cpusmall  model size 27000 bytes  80% 4
MLP pyrim model size 27000 bytes  79% 11
kNN + rnd. projection australian model size 28000 bytes  29% 5
MLP heart erroronneg. 13.3% 30% 12
MLP higgs error on neg.  60% 38% 12
Factorization machine  heart erroronneg. 17% 39% 7
MLP diabetes error on neg. 80% 74% 12

Table 1: Constrained HPO problems considered in our experiments. Here d is a number of dimensions
of a blackbox function.

.75 A
0 o 2500000 1 —— Model size, bytes
0.50 4 2 " he
0.25 4 = g 2000000 - °
ot = 2 g
= 0.007 & 1500000 s
] N
S —0.25 A n
= @ 1000000 -
~0.50 3
=
—075 500000 A
- | P2
~1.004 Model r’ o
0 20 40 60 80 100 0 20 40 60 80 100
Random optimizer feasible evaluations, % Random optimizer feasible evaluations, %

Figure 1: A tradeoff between model performance (r2) and threshold value for xgboost model,
on mg dataset. Smaller threshold results in a smaller number of weak learners, thus degrading the
performance of the model.

2 Experiments

In this section, we provide additional details about our experiments.

2.1 Real-world Hyperparameter Tuning Problems

We created a wide range of constrained HPO problems, spanning different scikitlearn algorithms
[6]], 1ibsvm datasets [[7], and constraint modalities. Our results are for ten problems drawn from
this range. The first six problems are about optimizing an accuracy metri(ﬂ subject to a constraint
on model size, a setup motivated by applications in IOT or on mobile devices. The remaining four
problems require to minimize the error on positives, subject to a limit on the error on negative
as is relevant for example in applications in medical domains. A summary of algorithms, datasets,
and fraction of feasible configurations is given in Table|l] When sampling a problem, and then a
hyperparameter configuration at random, we hit a feasible point with probability 51.5%. Also note
that for all these problems, the overall global minimum point is unfeasible.

All our example functions require a threshold, either on the size of trained model, or on the error
on negatives. For a given HPO problem, the threshold is chosen as follows. First, we sample 2000
random values of the criterion function, without constraint. This allows us to access an effect of a
particular threshold on the value of objective, and on a fraction of points which are unfeasible. We
select a threshold at random, such that a total fraction of unfeasible points is within 20% to 80%
interval. An example visualization for xgboost is given in Figure|I]

2 AUC for binary classification, coefficient of determination for regression.
3 Here, one hyperparameter to tune is the fraction of the positive class in the data (both training and validation),
which is adjusted by resampling with replacement.
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Figure 2: Average ranking of cM E'S and cE 1, where objective is not available when a constraint is
violated.
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Figure 3: Average ranking of cM ES and cEI; objective is available when a constraint is violated.

2.2 Effect of number of y* samples on optimization performance

Let Y* be a set of all sampled minima, and let |Y*| be its size. In our experiments, using more than

10 samples of y* does not lead to improvement of the algorithm performance. Results are summarized
in Figure [2]and[3]and Table 2] 3]



Optimizers

Unfeasible evaluations, percent

Average ranking

cMES p=0.5,Y x| =40
cMES;p=0.9,]Y x| =40
cMES p=0.95]Y x| =40
cMES p=0.1,Y x| =10
cMES p=05,Y x| =10
cMES p=09,Y x|=10
cMES p=05,Y %| =2
cMES p=09,|Y x| =2
cMES;p=0.95]Y x| =2
cET

43.08
47.14
49.12
39.25
4141
46.75
43.29
48.92
51.07
24.26

5.55
5.5

5.22
5.58
548
5.09
5.59
5.6

5.49
5.89

Table 2: Comparison of various number of |Y*| on ten scikitlearn problems. Here, p = o(d) for
cMES. AP denotes adaptive percentile. For methods with subscript observe, the objective y(-) is
observed at unfeasible points. No objective is available when a constraint is violated.

Optimizers

Unfeasible evaluations, percent

CMESobserveap = 05, Y x| =40
CMESObserveap = 097 Y x| =40

46.31
55.5

¢MESpserve,p = 0.95, Y x| =40 54.95

CMESObserveap = 017 Y x | =10
CMESobserveap = 05, Y x| =10
cMESopserve;p = 0.9,]Y x| =10
CMESobserveyp =0. 5 Y x| =
cMESopservesp = 0.9,Y * | =2
CMESobserveyp—095 ‘Y*‘ =2
CEIobserve

46.73
48.93
53.23
47.81
55.45
57.81
35.54

5.34
5.73
5.33
5.87
5.7
54
5.2
5.68
5.37
54

Table 3: Comparison of various number of |[Y*| on ten scikitlearn problems. Here, p = o(J) for
cMES. AP denotes adaptive percentile. For methods with subscript observe, the objective y(-) is

observed at unfeasible points. Objective is available when a constraint is violated.

Average ranking
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